We define a linear functional, the DOS functional, on spaces of holomorphic functions on the unit disk which is associated with random ergodic contraction operators on a Hilbert space, in analogy with the density of state functional for random self-adjoint operators. The DOS functional is shown to enjoy natural integral representations on the unit circle and on the unit disk. For random contractions with suitable finite volume approximations, the DOS functional is proven to be the almost sure infinite volume limit of the trace per unit volume of functions of the finite volume restrictions. Finally, in case the normalised counting measure of the spectrum of the finite volume restrictions converges in the infinite volume limit, the DOS functional is shown admit an integral representation on the disk in terms of the limiting measure, despite the discrepancy between the spectra of non normal operators and their finite volume restrictions. Moreover, the integral representation of the DOS functional on the unit circle is related to the Borel transform of the limiting measure.
Introduction
The density of states measure is an important mathematical notion in the study of the spectral properties of random self-adjoint operators, with a well defined physical significance, see e.g. the textbooks [CFKS, CL, Ki] . It is the measure associated to a positive functional acting on compactly supported continuous functions on the real axis, related to the random self-adjoint operator. Given a function, the functional is defined as the expectation of a diagonal matrix element of the function of the random operator, and the Riesz representation theorem provides the associated density of state measure. For operators defined Z d , a physically appealing definition consists in considering the trace per unit volume of functions of the random operator restricted to boxes Λ ⊂ Z d by suitable boundary conditions, and in taking the limit Λ → Z d . Under ergodicity assumptions, the limit exists almost surely and the two notions coincide. This procedure works equally well for unitary operators, see e.g. [J1] .
We revisit these constructions in the framework of bounded random operators that are not necessary normal, and study some of their properties, as described below. By rescaling, we can restrict attention to contraction operators that we assume are completely non unitary (cnu for short).
As the there is no continuous functional calculus in this framework, we resort to the holomorphic functional calculus for cnu contractions developed on a Hardy space of the * UJF-Grenoble 1, CNRS Institut Fourier UMR 5582, Grenoble, 38402, France disk, as recalled in Section 2. This allows us to define a density of state functional (DOS functional for short) on H ∞ (D) in analogy with that defined for self-adjoint operators, see Definition 3.1. We show in Proposition 3.2 that the DOS functional possesses a natural integral representation on the unit circle T by a function ϕ ∈ L 1 (T) \ H 1 0 (D), and that when restricted to the disc algebra A(D) = H ∞ (D) ∪ C(D), it further admits an integral representation on the disk by a complex harmonic function m ϕ , as Proposition 3.5 shows.
Restrictions of random contractions to finite volume boxes Λ ⊂ Z d are considered in Section 4, under suitable ergodicity assumptions. The infinite volume limit of the trace per unit volume of functions of random contractions is shown to coincide with the DOS functional defined via the full operator in Propositions 4.3 and 4.4. We make use of this alternative construction of the DOS functional on A(D) to show that a priori estimates of the spectral radius of the finite volume restrictions imply more structure on the integral representations on T and D by means of ϕ and m ϕ : these functions are shown to be defined by the complex conjugate of a function ψ that is holomorphic in a neighbourhood of the unit disk, see Theorem 4.6 and Corollary 4.8. Then, we consider the situation where the normalised counting measures on the spectra of finite volume restrictions of the random contractions converge weakly , in the infinite volume limit. Theorem 4.9 states that, despite the fact that finite volume restrictions of non normal operators have spectra that generally differ significantly from the full operator [D1, D2, GoKh2, TE] , the limiting measure provides us with yet an alternative integral representation of the DOS functional on the unit disk. Moreover, the holomorphic function ψ is directly related to the Borel transform of the limiting measure.
Some examples are worked out in Section 5 to illustrate the various features of the DOS functional. We start with random contractions defined as multiples of random unitary operators. Then we consider the non self-adjoint Anderson model (NSA model), whose finite volume restrictions have eigenvalue distributions that give rise to limiting measure, see e.g. [GoKh1, GoKh2, D2] . Finally, the DOS functional computed for certain non unitary unitary band matrices, whose spectral properties are studied in [HJ] , and whose finite volume restrictions display similar features as those of the NSA model.
Functional Calculus for CNU Contractions
We recall from [SFBK] the main properties of the functional calculus developed for contractions.
Let T be a contraction on a separable Hilbert space H. Consider the unique decomposition
where H 0 = {ψ ∈ H | T n ψ = ψ = T * n ψ , n ∈ N}, H 1 = H ⊖ H 0 and T j = T | H j , j = 0, 1, such that T 0 is unitary, and T 1 is completely non unitary (cnu). The analysis of random unitary operators is by now well known, so we restrict attention to cnu contractions and therefore assume that T = T 1 in the following. We recall here some basic facts from harmonic analysis. In the following, D denotes the open disk, its boundary is ∂D that we will also identify with the torus T. The set of holomorphic functions on an open set S ⊂ C is denoted by Hol(S).
The Hardy class H p (D) consists in holomorphic functions on D such that
For all 0 < p ≤ ∞, functions in H p (D) admit radial limits lim r→1 − u(re it ) = u(e it ) on ∂D for almost every t ∈ T and ln |u(e it )| ∈ L 1 (T). For 0
as the set of functions in f ∈ L p (T) whose negative Fourier coefficients all vanish, the spaces H p (D) and L p + (T) can be isometrically identified, for all 1 ≤ p ≤ ∞. These function spaces are Banach spaces, and even Hilbert spaces whenever p = 2. For later reference, we also introduce for all
Let· denote the involution on holomorphic functions on D given byf (z) = f (z), and set for any 0 < r < 1 u r (e it ) = u(re it ). The following statements, among other things, are proven in [SFBK] , Section III.2, Theorem 2.1.
Theorem 2.1 Assume T is a cnu contraction on a separable Hilbert space H. Then, for any u ∈ H ∞ (D), s.t. u(z) = n≥0 c n z n for z ∈ D, u(T ) is defined by the strong limit
is an algebra homomorphism which further satisfies :
. strong, resp. weak sense if u n → u uniformly on D, resp. boundedly a.e. on T, resp. boundedly on D
ii) Conditions a), c) in the strong sense and (5) make this functional calculus maximal and unique, see [SFBK] . (1), with unitary part T 0 having purely absolutely continuous spectrum, then Theorem 2.1 holds with c) in the strong sense. See [SFBK] , Theorem 2.3.
DOS Functional
We deal here with random contractions T ω defined on a separable Hilbert space H with ergodic properties we express as follows. We first assume some regularity assumptions. Let the probability space (Ω, F, P), where Ω is identified with {X Z d }, X ⊂ R, d ∈ N, and P = ⊗ k∈Z d dµ, where dµ is a probability distribution on X and F is the σ-algebra generated by the cylinders. We assume that Ω ∋ ω → T ω ∈ B(H) is measurable i.e.
Ergodicity is expressed in the following framework. We consider H = l 2 (Z d ) and consider for j ∈ Z d the shift operator S j defined on Ω by
so that the measure P is ergodic under the set of commuting translations {S j } j∈Z d . Let {ϕ j } j∈Z d denote the canonical basis of H and V j be the unitary operator defined by
We further assume the existence of a periodic lattice Γ ⊂ Z d spanned by {γ i } i∈{1,2,...,d} , γ i ∈ Z d and the corresponding primitive cell
The random contractions we consider are ergodic in the following sense:
where |B| denotes the cardinal of B and T ω is a measurable cnu random contraction.
We first note that
Remarks 3.3 0) The set H 1 0 (D) should be understood as the set of boundary values of these functions. i) The ergodicity assumption (9) plays no role here. ii) Such functionals on H ∞ (D) are called weakly continuous, see e.g. [G] , Section V.
iii) The representation (11) says that for any
see [G] , Theorem 5.2. It shows that the relevant information is carried by the negative Fourier coefficients only.
, with p > 1, we can actually represent L by a unique ϕ − ∈ L p obtained from ϕ by substracting the contribution from the sum over positive Fourier coefficients. We give conditions for this to hold in Theorem 4.6 below. v) Making the dependence on T of the functional L explicit in the notation, we have for all
Proof: Linearity and the bound |L(f )| ≤ f ∞ stem directly from the properties of the functional calculus recalled above. Then one makes use of the following equivalence, see [G] , Theorem 5.3: L is a weakly continuous functionals on
Hence by Lebesgue dominated convergence, we also have
Then we observe that for functions in
Let us denote by P [ϕ](re it ) = P [ϕ](x, y) the harmonic function in D given by the Poisson integral of ϕ ∈ L 1 (T), with the usual abuse of notation. Due to the fact that lim r→1 − P [ϕ](re it ) = ϕ(e it ) almost everywhere and in L 1 (T) norm, we can approximate L(f ) by an integral over smooth functions: for any f ∈ A(D), and any 0 < r < 1,
where
Since A(D) consists in uniformly continuous functions, we can further approximate f (e it ) by f (re it ) ≡ f r (e it ) to get
The latter approximation allows us to provide L(f ) with a smooth integral representation over the disk.
Proof: Consider the approximation (16). By Stokes theorem applied to
Thanks to (16), we can take the limit r → 1 − which yields
Using the fact that P [ϕ] is harmonic, one finally gets
Remark 3.6 In keeping with the fact that ϕ → ϕ + G, where G ∈ H 1 0 (T) does not change the representation, one checks that
The integral representations of L(·) discussed so far are intrinsic. There are of course many alternative integral representations in the disk: since A(D) ⊂ C(D), we can extend L toL : C(D) → C, by means of Hahn-Banach Theorem, with L = L . GivenL, sinceD is compact, the Riesz Representation Theorem asserts the existence of a unique complex Borel measure dµ on
Lemma 3.7 Let T ω be a measurable random contraction. There exists a complex Borel measure dµ onD such that |µ|(D) = 1 such that
Remark 3.8 The measure dµ uniquely determined by the extensionL of L to C(D). The example discussed in Section 5.4 illustrates the fact that there may be infinitey many such integral representations of L.
Finite Volume Approximations
Let Λ ⊂ Z d be given by (2n + 1) d symmetric translates of B along Γ of the form
with |Λ| = (2n + 1) d |B|, and let
together with the corresponding orthogonal projections onto these subspaces P Λ , P Λ C .
Dropping ω from the notation for now, let assume that the cnu contraction T can be written as
where T Λ and T Λ C are defined on H Λ and H Λ C and F Λ is a trace class operator on H, and furthermore T Λ is a cnu contraction. Such decompositions can be obtained for example by setting
for suitable boundary conditions at ∂Λ, see below. For any f ∈ H ∞ (D), the operators f (T ), f (T Λ ) are well defined by functional calculus and we consider two random functionals on H ∞ (D) given by
From the bound A 1 ≤ rank(A) A on the trace norm · 1 , we deduce that for all
so that all arguments of the proof of Proposition 3.2 apply. Hence L Λ andL Λ can be written in the form (11) with corresponding random L 1 (T) functions ϕ Λ (e i· ) andφ Λ (e i· ). More precisely we have Lemma 4.1 Let λ j , j = 1, ..., |Λ|, be the eigenvalues of the cnu contraction T Λ , repeated according to their algebraic multiplicities.
Proof: The finite dimensional contraction T Λ being cnu, σ(T Λ ) ⊂ D. Hence, for any f ∈ H ∞ (D), and any ρ < 1 large enough
For each j, since f ∈ H ∞ (D), Lebesgue dominated convergence implies that the limit ρ → 1 exists, which yields the result.
Remarks 4.2 i) An application of Stokes theorem shows that
an expression of the fact that
is the Bergman reproducing kernel. ii) Introducing the normalised counting measure of σ(T Λ ), dm Λ on the closed unit discD by
where the eigenvalues are repeated according to their algebraic multiplicities, we can extend
However,L Λ (f ) does not make sense for f ∈ C(D).
Infinite Volume Limit
Restoring the variable ω in the notation for a moment, we show that the random functionals
. This is done along the same lines as in the unitary case under ergodicity assumption, see [J1] , for example.
We start by a deterministic statement:
Proposition 4.3 Assume T and T Λ given by (25) are cnu contractions.
Proof: We need to show that
As f (T Λ ) = P Λ f (T Λ )P Λ , cyclicity of the trace yields
On the other hand, since A(D) consists in uniformly continuous functions onD, we have
Hence, together with the bound A 1 ≤ rank(A) A , we get the uniform estimate
Therefore, we can focus on f (z) = z j , j ∈ N. With
we get for all j ≤ N , using T and T Λ are contractions and cyclicity of the trace,
This estimate, the assumption
and (39) end the proof. We finally turn to the infinite volume limit ofL Λ,ω (f ), for f ∈ A(D), under the ergodicity assumption (9) on the way randomness enters the contraction T ω .
Proposition 4.4 Assume T ω is ergodic in the sense of (9). For all f ∈ A(D),
Proof: By construction of Λ, see (23), for any H :
Thus, by the ergodicity assumption,
Thanks to Birkhoff Theorem, we have on a set Ω f ⊂ Ω of measure one, and for all b ∈ B,
Since A(D) is separable, the statement above is true for a dense countable set of functions {f m } m∈N on ∩ m∈N Ω fm = Ω 0 ⊂ Ω, a set of measure one. Since |B| < ∞, we infer
which proves the statement.
Remarks 4.5 i) We consider A(D) only, a separable space, since H ∞ (D) is not. ii) As
iii) Under the assumptions of Propositions 4.3 and 4.4
iv) The result also holds if T = T 0 ⊕ T 1 with purely absolutely continuous unitary part T 0 .
Spr (T
We show that if an a priori uniform estimate on the spectral radius of T Λ holds, we deduce anti-analyticity of the integral representation ϕ of L(f ).
Let us drop the dependence on ω ∈ Ω in the notation. The form L Λ is represented by integration against ϕ Λ (e it ), see (30), which can be written with z = e it as
As T Λ is cnu, ψ Λ is holomorphic in D and we have the absolutely converging power series
Theorem 4.6 Let T ω satisfy the hypotheses of Propositions 4.3 and 4.4. Assume there exists r < 1 such that
Then, there exists ψ ∈ Hol(D/r) such that Proposition 3.2 holds with ϕ(e it ) = ψ(e it ):
Remarks 4.7 i) We can satisfy the hypothesis by properly rescaling the operator T ω .
ii) The property Spr (T Λ ) ≤ r < 1 ∀Λ does not imply Spr (T ) < 1. Indeed, finite volume approximations of non normal operators typically miss important parts of σ(T ), see Section 5.3 and (86) in particular.
Proof: If (52) holds, ψ Λ is holomorphic in the larger disc D/r for all Λ ∈ Z d , ω ∈ Ω and
In particular, the family {ψ Λ } Λ of holomorphic functions on D/r is uniformly bounded on each compact subset of D/r. Hence, by Montel Theorem, see e.g. [R] , Theorem 14.6, {ψ Λ } Λ is a normal family. Therefore, for each fixed ω ∈ Ω 0 , the set of measure one on which Proposition 4.4 holds, there exists a subsequence {ψ Λ k } k∈N which converges uniformly on each compact subsets of D/r to a function ψ(z) which is holomorphic on D/r. In particular, for all f ∈ A(D),
where ψ(z) is analytic in a neighbourhood of D. By Remark 4.5 iii), we get that ϕ ∈ L 1 (T) which represents L(f ) is given by ϕ(t) = ψ(e it ), and ψ is independent of ω. Consequently, Corollary 4.8 With ψ = n=0 b n z n ∈ Hol(D/r), and for all f (z) = n=0 a n z n ∈ A(D),
The integral representation (17) reads
Representations of L via finite volume approximations
Let us consider now the random counting measure dm Λ ω (33) and assume that it admits a weak limit, almost surely: for all ω ∈ Ω 0 with P(Ω 0 ) = 1, and for all f ∈ C(D),
Then, for any ω ∈ Ω 0 , dm ω ≥ 0 provides another representation of L on A(D), since, specialising to f ∈ A(D), we get from (49)
Theorem 4.9 Let T ω satisfy the assumptions of Propositions 4.3 and 4.4 and dm Λ ω in (33) converge weakly to dm ω , almost surely. Then L admits the following representation
where dm ≥ 0 is given by E(dm ω ).
Further assume Spr (T Λ ω ) ≤ r < 1, for all ω ∈ Ω and Λ. Then, Theorem 4.6 holds with
and Proposition 3.5 holds with
Remark 4.10 If the weak limit of the normalised counting measure of the finite volume spectrum exists, see e.g. [GoKh2] for such cases, it provides another representation of the DOS functional. In that sense, the spectrum of the finite volume restrictions acquire a global meaning, in spite of the fact that it can be very different from the spectrum of the infinite volume operator. In particular, the support of the limiting measure can be disjoint from the spectrum of the operator, see Section 5.4 for such an example.
Proof:
The first statement is a consequence of (59) and Fubini's Theorem. The assumption on Spr (T Λ ω ) implies supp dm ⊂ {|z| ≤ r}. Then, Corollary 4.8 applied to f (z) = z k yields the coefficients of the power expansion of the holomorphic function
We have
Thus, exchanging integration and summation, we get expression (61) for z ∈ D/r. The last statement follows from Corollary 4.8.
Remark 4.11 Thanks to Remarks 2.2 iv), and 4.5 iv), all results of Section 4 hold if T writes as T = T 0 ⊕ T 1 , see (1), with a unitary part T 0 that is purely absolutely continuous.
Special Cases
We take a closer look at various particular cases allowing us to get further informations on the integral representation ϕ.
The Normal Case
A first special case of interest occurs when T ω is normal, i.e., when there exists orthogonal projection valued measures {dE ω (x + iy)} (x+iy)∈σ(Tω ) such that in the weak sense,
In such a case, we have a continuous functional calculus: for any f ∈ C(D)
Hence, assuming that T ω is normal for any ω ∈ Ω, Definition 3.1 gives rise to a positive functional on C(D), so that by Riesz-Markov Theorem
, where dm is a non-negative Borel measure onD.
In this favourable framework, we have
Further assume T and T Λ ω are normal and the ergodicity assumption (9) holds. Then, as Λ → ∞, dm Λ ω → dm a.s., in the weak- * sense.
Proof: The same arguments using Stone Weierstrass and Birkhoff theorems together with the separability of C(D) prove the result as in the previous section.
Applying Propositions 3.2 and 3.5 to the normal case, we get for any f ∈ A(D)
where dm(x, y) is the non negative usual density of states, and m ϕ (x, y) is harmonic and in general complex valued. This special case makes explicit the lack of uniqueness in the representation of analytic functionals.
Remark 5.2 If, moreover, there exists 0 < r < 1 such that for all ω ∈ Ω, Spr (T Λ ω ) ≤ r and T ω is cnu, then Theorem 4.9 holds with dm = dm, the density of states. In particular,
Multiple of Unitary Operators
Consider now a special normal case where the statement above allows us to make the link between the DOS functional and the density of state measure of a random unitary operator U ω more explicit. Let 0 < r < 1 and U ω be a random unitary operator defined on l 2 (Z), with ω ∈ T Z , which is measurable and ergodic. Models of this type are studied in [BHJ, J1] . The details do not matter for our purpose here. We consider the random normal cnu contraction
We assume that there exist finite volume approximations such that U Λ ω is a finite dimensional unitary matrix; see e.g. [J1] for examples of this situation with Λ = {−n + 1, n}. Consequently, we have the trivial bounds Spr (T Λ ω ) = Spr (T ω ) = r, r < 1. Stressing the r dependence in the notation, the DOS functional
The density of states measure dk for ergodic unitary operators is a normalised positive regular Borel measure on T characterised as in Section 5.1 by Definition 3.1 with f continuous on the circle via Riesz-Markov Theorem, [J1] :
The explicit link is provided by Proposition 5.3 Let T ω = rU ω , with 0 < r < 1. With the notations and assumptions above, for all |z| < 1/r,
In particular,
and,
where P [dk](z) denotes the Poisson integral in D of the non negative measure dk on T.
Remarks 5.4 i) The representation (74) shows that ψ (r) (z) coincides with the Borel (or Cauchy) transform of the measure dk on T, taken at point rz ∈ D. The function ψ (r) may admit analytic extensions outside D/r, depending on dk.
ii) While T ω = rU ω is cnu, the boundary values as r → 1 − of the real part of the integral representation of L(f ) yield the absolutely continuous component of the density of state measure of U ω . Indeed, if dk(t) = g(e it ) dt 2π + dµ s (t) is the Lebesgue decomposition of dk,
see [R] , Theorem 11.24. (72) and (73), we get
The coefficients of the expansion ψ (r) (z) = n∈N b n z n , for z ∈ D/r are given by b n = r nk (n), n ∈ N, wherek(n) = T dk(t)e −itn . Hence, with sign(0) = 0,
The last two series coincide with the real and imaginary parts of dk * (P r (·) + iQ r (·))(e it ), where P r (t) and Q r (t), are the Poisson and conjugate Poisson kernels given by
Replacing e it in (75) by z ∈ D/r yields (74).
Non Self-Adjoint Anderson Model
The non self-adjoint Anderson model (NSA model for short), provides an example in which the finite volume and infinite volume versions of the random operator have quite different spectra that can be computed explicitly. See [D2] and [GoKh2] for more general non selfadjoint random operators with similar properties. After suitable rescaling, the NSA model provides us with an illustration of our results.
The NSA model H ω (g), is a one parameter deformation of the one dimensional random Anderson model of solid state physics defined as follows in the canonical basis of l 2 (Z):
We assume that g ≥ 0 and {ω j } j∈Z are i.i.d. real valued random variables distributed according to a measure dµ supported on a compact interval [−B, B] . Let E g be the ellipse
which coincides with the spectrum of H 0 (g), the NSA model in absence of random potential. It is proven in [D2] that, provided B ≥ e g + e g ,
Moreover, consider H Λ ω (g) the finite volume restriction of H ω (g) to l 2 (Λ), where Λ = {−n, n} with Dirichlet boundary conditions. Then, for g > 0, the matrix H Λ ω (g) is similar to H Λ ω (0) with similarity transform given by W ϕ k = e kg ϕ k , so that its spectrum is real. The matrix H Λ ω (0) is the finite volume restriction of the Anderson model H ω (0), with
To cast these considerations in our framework, we assume B ≥ e g + e −g and set
on l 2 (Z), resp. l 2 (Λ) with Dirichlet boundary conditions. By construction, both operators are contractions. Moreover
Lemma 5.5 The matrix T Λ ω (g) is cnu for |Λ| large enough, and all ω ∈ Ω, whereas the operator T ω (g)) is cnu almost surely. Also, for g > 0, Spr (T ω (g)) = 1, a.s. and lim
Proof: Statements (86) are consequences of (83), (84), and properties of finite volume approximations of self adjoint operators. Thus T Λ ω (g) is cnu for |Λ| large enough. Given (83), T ω (g) is cnu if ±1 are not eigenvalues of T ω (g). Suppose ϕ ± ∈ l 2 (Z) are normalized and satisfy T ω (g)ϕ ± = ±ϕ ± . Then, using the fact that T * ω (g) is a contraction, and CauchySchwarz inequality, we get T * ω (g)ϕ ± = ±ϕ ± . Hence ±1 are eigenvalues with eigenvectors ϕ ± for the self-adjoint Anderson type operator (T ω (g) + T * ω (g))/2. But this is known to happen with zero probability only.
Stressing the g dependence in the notation, we denote the DOS functional on A(D) by L (g) (·). The foregoing and Theorem 4.9 immediately show that Lemma 5.6 Let dm Λ ω (g) be the normalised counting measure of σ(T Λ ω (g))). Then, for any g > 0, dm
s., in the weak sense,
where dk g ≥ 0 is the density of states of the rescaled self-adjoint Anderson model
Hence, for any f ∈ A(D), and any g ≥ 0,
where dk ≥ 0 is the density of states of H Λ ω (0).
Remark 5.7 The support of dk g is a subset of the almost sure spectrum of T ω (g).
The estimates provided in Lemma 5.5 show that L (g) (·) admits an integral representation on T in term of a holomorphic function ψ (g) (z), see Theorem 4.6. Moreover,
The function ψ (g) is real analytic and admits a converging power series in {|z| < s(g)/(2 + B)}. Moreover,
Remark 5.9 With the Borel transform F k of dk given by
we have for z = 0,
Proof: It is a special case of Theorem 4.9 where the coefficients of the power expansion of ψ (g) are given by
Non Unitary Band Matrices
We further illustrate both the discrepancy between limiting measure and spectrum of the full operator, and the multiplicity of representations of the DOS functional by measures on D by considering random contractions with a band matrix representation.
Let T ω be defined on l 2 (Z) by its matrix representation in the canonical basis given as
. . e iω 2j−1 γ e iω 2j−1 δ 0 0 0 0 e iω 2j+1 γ e iω 2j+1 δ e iω 2j+2 α e iω 2j+2 β 0 0 0 0
where {ω j } j∈Z are T-valued iid random variables. The deterministic coefficients α, β, γ, δ are assumed to give rise to a non unitary matrix
Actually, T ω = D ω T , where D ω is a diagonal unitary random operator with elements e iω j , and T is a deterministic operator whose representation has the form (93), where all ω j 's are equal to zero. Such random ergodic operators arise in the analysis of certain random quantum walks and some of their spectral properties are analysed in [HJ] . In particular, it is shown there that T ω is a cnu contraction on l 2 (Z) if and only if | det C 0 | < 1, |α| < 1, and |δ| < 1.
Moreover, T ω = 1, and Spr (T ω ) may take the value 1, depending on the parameters. We first note the following simple general result:
Lemma 5.10 Let T ω defined by (93) with (94), and (95), and assume the random phases e iω j are uniformly distributed. Then
Proof: One first observes that for any n ∈ N * , any k ∈ Z, ϕ k |T n ω ϕ k = e im(k)ω k τ (ω(k)), where τ (ω(k)) is a random variable independent of ω k , and m(k) ∈ N * . This is a consequence of the fact that no cancellation of the random phases can occur due to the shape (93) of the matrix representation of T ω . Hence, E( ϕ k |T n ω ϕ k ) = 0, for all k ∈ Z and n ∈ N * . Thus, approximating any f ∈ A(D) by a polynomial, we get the result. 
we get a one parameter family of extensions of L corresponding to integration against positive measures on D, dµ (ρ) with support of the circle of radius ρ, centered at the origin, such thatL (ρ) (f ) = f (0) if f ∈ A(D). The support of dµ (ρ) may or may not belong to the spectrum of T ω : the examples treated in [HJ] show that for det C 0 = 0 and uniform i.i.d. phases ω j , the spectrum T ω is given by the origin and ring centered at the origin whose radiuses depend on the parameters. Note finally that any radial probability measure with smooth density µ(r) provides us with an extensionL(·) on C(D) of the form L(f ) = D f (r cos(θ), r sin(θ))µ(r)rdrdθ,
which agrees with L(·) on A(D), thanks to the mean value property of harmonic functions.
We now specify the values of the parameters to C 0 = 1 0 0 g , 0 < g < 1, see (94), and look at finite volume restriction generated by finite rank perturbations. Note that in this case, T ω is not cnu since
where ≃ denotes unitary equivalence and S is the standard shift on l 2 (Z). Remark 4.11 shows we can nevertheless apply our results to this case. Setting Λ = {1, 2, . . . , 2n}, we define 
This yields a finite volume restriction of T ω , that is a cnu contraction with eigenvalues {λ j } 2n j=1 λ j (ω) = √ ge i 2n 2n k=1 ω k e i(j−1)π/n , j = 1, . . . , 2n.
The factor 1 2n 2n k=1 ω k tends to 0 as n → ∞ almost surely, by our assumption on the distribution of the phases, and we get for any f ∈ C(D),
f (ℜλ j (ω), ℑλ j (ω)) = [0,2π] f ( √ g cos(θ), √ g sin(θ)) dθ 2π ,
by a Riemann sum argument. In other words, the normalised counting measure on σ(T Λ ω ) converges weakly to dm = δ √ g (r) dθ 2π , in polar coordinates. As Spr (T Λ ω ) = √ g < 1, we compute from Theorem 4.9,
so that we recover ϕ(e it ) = 1, in keeping with Remark 5.11
Remark 5.12 The support of the limiting measure dm is disjoint from σ(T ω ) in this case:
